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^ ■ Abstract 

^ i We consider supersymmetric SL{3, R) deformations of various type IIB supergravity back- 

^ I grounds which exhibit flows away from an asymptotically locally AdS^ x fixed point. This 
includes the gravity dual of the Coulomb branch of A/" = 1 super Yang Mills theory, for which 
the deformed superpotential is known. We also consider the gravity duals of field theories 
which live on various curved backgrounds, such as Minkowski2 x H^, AdS^ x and R x S*^. 
Some of the deformed theories flow from a four-dimensional Af = 1 superconformal UV fixed 
point to a two-dimensional (2, 2) superconformal IR fixed point. We study nonsupersymmetric 
generalizations of the deformations of the above Coulomb branch flows. 



1 Introduction 



Compactification of type IIB supergravity on a two-torus has an SL{3, R) symmetry which 
can be used for generating new solutions. This has recently been applied to finding the type 
IIB supergravity background which, via the AdS/CFT correspondence PlISIS]! corresponds 
to marginal deformations of A/" = 4 super Yang-Mills theory The undeformed theory has 
an isometry group which includes U{1) x U{1). The deformation on the gravity side can be 
matched to an exactly marginal operator in the field theory, providing a holographic test of 
the methods of Leigh and Strassler p] . 

The solution-generating technique can be outlined as follows. First, T-dualize along one 
of the U{1) directions to type IIA theory. Lifting the solution to eleven dimensions provides 
a third direction which is associated with a U{1) symmetry. One can now apply an SL{3, R) 
rotation along these U{1)^ directions. Dimensionally reducing and T-dualizing along shifted 
directions yields a new type IIB solution. This procedure can be applied to any solution that 
has an isometry group which contains U{1) x U{1). If in addition to this symmetry there is 
a U{1) R-symmetry, then the deformed solution preserves J\f = 1 supersymmetry. 

This method has also been applied to the marginal deformations of the conifold super- 
conformal field theory as well as the superconformal theories associated to the Y^''^ j3] 
and L^'i'^ manifolds^. Furthermore, the gravity duals of non-conformal theories, such as 
those which exhibit renormalization group flows, can also be deformed in this manner. In 
particular, deformations of the Klebanov- Strassler solution ^l] and the 5-brane wrapped on 
a 2-sphere [12] have been considered in jlj and [12], respectively^. These solutions are useful 
for understanding the gravity dual of confining gauge theories. 

Marginal deformations of eleven-dimensional supergravity solutions with U{1)^ symmetry 
have also been studied. The solution-generating technique is analogous to the above type IIB 
cases. One begins with a solution that has U{lY non-R symmetry. Then one reduces to ten 
dimensions and T-dualizes to type IIB theory, where one can perform an SL{2, R) transfor- 
mation with the remaining two U{1) directions and then dualize back to eleven dimensions 
along the shifted directions^. This has been done for initial solutions with geometries of the 
form AdS4^ x X^, which correspond to three-dimensional superconformal field theories. The 

"'^The Sasaki-Einstein spaces Y^''^ and L^''^'^ were found in [3|Hj and 01111], respectively. 

^For the latter case, deformations which incorporate one internal direction and one worldvolume direction 
were also considered. These correspond to dipole deformations |13|. 

■^In fact, there is also a direction associated with the C/(l) R-symmetry. This can be used to perform a 
multiple chain of dualities and SL{3,R) transformations resulting in four deformation parameters. However, 
the deformed solution would be nonsupersymmetric. One could consider an eleven-dimensional solution with 
a large enough isometry group such that multiple-parameter deformations preserve supersymmetry. 
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case in which is a 7-sphere was considered in for which the deformed gauge theory 
has M = 2 supersymmetry and the exactly marginal deformation operator was identified. 
The deformed field theory also has Af = 2 supersymmetry if is one of a countably infinite 
number of Sasaki-Einstein spaces^ [6j and has J\f = 1 supersymmetry if X"^ is weak G2 or 
tri-Sasakian |16j . 

In this paper, we consider deformations of type JIB solutions which are asymptotically 
locally AdS^ x S^. This implies that the UV limit of the dual gauge theory is the Leigh- 
Strassler deformation of A/" = 4 super Yang-Mills theory. There is a renormalization group 
flow away from this conformal fixed point. We consider type JIB solutions which are related 
to solutions of the U{1)^ truncation of five-dimensional gauged supergravity by using the 
dimensional reduction ansatz given in This implies that, when lifted to ten-dimensional 
type IIB theory, the isometries includes a f/(l)^ symmetry with which to deform the solution 
while maintaining a U{1) R-symmetry. That is, at every point along the flow there is locally 
an which can be written as a constant U{1) bundle over CP^. It is this f/(l) direction 
which corresponds to the U{1) R-symmetry after the deformations. Non- vanishing U{1) gauge 
fields in the five-dimensional solutions correspond to nonzero i?-symmetry currents in the dual 
gauge theory. Although we have not explicitly checked that the deformed solutions satisfy the 
BPS equations for type IIB theory, since the direction corresponding to the U{1) R-symmetry 
is not involved in these deformations, we expect that the deformed solutions should preserve 
a fraction of supersymmetry everywhere. 

This paper is organized as follows. In the next section, we consider deformations of a 
certain region along Coulomb branch of A/" = 4 super Yang Mills theory at zero tempera- 
ture, described by D3-branes distributed uniformly on an ellipsoidal shell Although this 
Coulomb branch is maximally supersymmetric, conformal symmetry is broken- to be regained 
only at the UV fixed point. This static gravity solution arises in the extremal limit of rotating 
black D3-branes. The three rotational parameters ii of the rotating branes become distribu- 
tional parameters of the ellipsoidal shell. While a stack of coincident D3-branes corresponds 
to the superconformal origin of the moduli space, moving some of these branes away from 
each other corresponds to giving expectation values to certain scalar fields. The marginal 
deformation of AdS^ x considered in |1] lies in the UV limit of the deformation of this 
solution. The introduction of scalar expectation values does not change the superpotential. 
After the deformation, the superpotential along the Coulomb branch flow is still the same 
as at the UV fixed point. That is, the deformation yields phases of chiral superfields in the 
superpotential. 

''Countably infinite classes of seven-dimensional Sasaki-Einstein spaces have been found in jl4lll5[ IU). 
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In section 3, we consider deformations of twisted field theories ^H]- These theories are 
twisted since they hve on a curved space and are coupled to an SO (6) gauge field. They are 
described by D3-branes wrapped on a (quotiented) hyperbolic 2-cycle |2Dj|. The corresponding 
geometry is nonsingular and remains so after the deformations. In the UV limit, the initial 
geometry is locally AdS^ x S^. The dual field theory exhibits a flow "across dimensions" 
from a four-dimensional superconformal field theory to a two-dimensional superconformal field 
theory. While the initial two-dimensional field theory has either (4, 4) or (2, 2) supersymmetry, 
depending on how the 2-cycle is embedded within the rest of the internal space, the deformed 
two-dimensional field theory has (2, 2) supersymmetry. 

In section 4, we deform various other solutions which are asymptotically locally AdSr, x S^. 
All of these solutions were initially obtained in five- dimensional gauged supergravity and then 
lifted to ten-dimensional type IIB theory. In five dimensions, these solutions correspond to a 
supersymmetric AdS^ black hole [211122], a deformation (in the sense of adding U{1) gauge 
fields) of AdS^ [221 [21] , an AdS^ magnetic string |2Sl [2n] and a fiux-brane^ P?^ . As we will 
discuss, some of these solutions are related to the solutions considered in sections 2 and 3 and 
have interesting holographic interpretations. 

In section 5, we will discuss deformations which do not preserve any supersymmetry. In 
this case, there are two possibilities: either the initial solution has supersymmetries which are 
broken by the deformations or else the initial solution is itself nonsupersymmetric. As exam- 
ples of both scenarios, we consider a couple of generalizations of the Af = 4 Coulomb branch 
flow discussed in section 2. First we discuss an A/" = 1 flow [SOI [SI] which asymptotes to 
the A/" = 4 Coulomb branch flow in the UV limit. This solution also encompasses the A/" = 1 
Pilch- Warner flow I33j. Since the deformation involves the direction associated with the 
f/(l) R-symmetry, the resulting solution is nonsupersymmetric. To illustrate the second pos- 
sibility, we consider a nonsupersymmetric generalization of the A/" = 4 Coulomb branch flow, 
which corresponds to the gauge theory being at finite temperature ^H]- In this case, there 
are actually three directions which can be used for the deformations. After pairing these 
directions up with a chain of dualities and shifts, this yields a solution with six deformation 
parameters which, in the UV limit, reduces to the solution discussed in [SSI [SE] • There, 
it was found that a three-parameter case of the latter solution has an associated string sigma 
model which is integrable. Nonsupersymmetric deformations have also considered in jl3j . 
Since these deformed backgrounds were obtained from solutions of type IIB supergravity by a 
string of dualities and shifts, we expect that they are also solutions to the type IIB equations 
of motion. However, we have not explicitly checked this. 
^This solution was recently renamed an anti-bubble in |28| . 
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In section 6, we present some suggestions for further directions. We have also included 
some details of the more complicated solutions in the appendices. 

2 Super symmetric deformation of the Coulomb branch 
flow 

Rotating black D3-branes^ have three independent S0{6) rotational parameters ii. In the 
extremal limit, rotating black D3-branes reduce to a static and continuous D3-brane distribu- 
tion. The three parameters ii now specify the ellipsoidal shape of the D3-brane distribution 
|18j . In five dimensions, the near-horizon limit of this solution corresponds jHHl EI to a su- 
persymmetric, charged singularity which is asymptotically AdS^^ jSH]- The ellipsoidal shell 
containing the uniform distribution of D3-branes tends to be singular, which could represent 
a phase transition at the associated scale of the RG flow Therefore, the supergravity 
description breaks down around this region. 

To better understand this configuration, one can first consider the superconformal origin 
of the moduli space, which corresponds to a single stack of coincident D3-branes. Since these 
D3-branes are each in a BPS state, moving them away from each other does not require any 
additional energy. Therefore, any distribution of these branes is still maximally supersym- 
metric. However, with the exception of the special case in which the stack is expanded out 
to a perfectly spherically symmetric distribution, the conformal invariance of the theory is 
generally broken. Nevertheless, the geometry asymptotes to AdS^ x 5*^ at the UV fixed point, 
where conformal symmetry is regained. Moving these branes away from each other has an- 
other interesting effect. That is, at the superconformal point there are six scalar fields which 
transform in the vector representation of the S0{6) R-symmetry and the adjoint representa- 
tion of SU{N), where N is the number of D3-branes. As branes are moved, these scalars take 
on expectation values. Therefore, the resulting supergravity solution corresponds to a certain 
region along Coulomb branch of A/" = 4 super Yang Mills theory at zero temperature JH] • 

The introduction of scalar expectation values does not change the superpotential of the 
theory. After the deformation, the superpotential along the Coulomb branch flow is the same 
as the marginal deformation of AdS^ x f^, which lies at the UV fixed point. Namely, the 
deformed superpotential is given by 

Wmarg = Tr(<l>i$2$3-g$2$l<f3), = 1 , (2.1) 

^Spinning branes were first constructed in j37| . 

^This solution is usually referred to as a charged AdS^ black hole, which is a misnomer since there is no 
event horizon around the singularity. 
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which in the M = 1 language is a g- deformation of the superpotential preserving M = 1 
supersymmetry [S] (See also [101 HH |12] ) • The moduli space of vacua depends on q and the 
super Yang-Mills coupling is a function of q. For g = 1, the Af = 4 theory can be described by 
an A/" = 1 theory with three adjoint chiral superfields $j coupled through the superpotential 

Wmarg(g = !)• 

We will now consider the near-horizon limit of the aforementioned distribution of D3- 
branes in detail. The metric and 4-form potential can be written as^ ^H] 

+ f/^R^ \k~^ [da + \{L2- L3)s2aS2e de]^ + kf-'sl dO^ 
+ Lic'^{d^p - dip2)'^ + L2s\s1{dil) - d(piY + L3s'^acl{dip + dcpi + d(p2Y 
F(5) = rfC(4) + * c?C(4) , C(A) = [j'^-^-l^ dt ^dxl ^dx2 ^dx3, (2.2) 
where R = (AngsNy^^. We have introduced the following quantities 

r' = {L^'cl+L,hlsl+L,hlcl)L,L2L, , g-' = Las^+Lgc^ , k'' = L,sl+g~'cl (2.3) 
and 

L. = l + ^. (2.4) 

This geometry approaches AdS^ x S'^ as r — > oo, in which case f,g,k, and Li go to 1. The 
vector representation 6 of SO (6) with respect to the full Cartan subgroup SO (2)^ decomposes 
as (2, 1, 1) © (1, 2, 1) © (1, 1, 2) jlH]. The S'0(2)^ isometry group of above geometry corre- 
sponds to f/(l)^ global symmetry generated by ^pi and (p2 and U{1)r i?-symmetry generated 
by of the dual field theory. 

Let us write the solution in the form given by equation (A. 7) in That is, the metric is 
written such that the symmetry along the ipi and (p2 directions is explicit: 



l={Dfi - CDif2? + ^D^l] + F-^/^g^^dx^'dx 



V 

1 



F(5) = R-^ d{f~'^r^) dt A dxi A dx2 A dx^ + dA(2) A Dipi A Dip2 , (2.5) 



*We have used the solution given in jSOJ in terms of the notations in ^Jli except that we have taken 
9 Q; + 7r/2, (j) ^ 9 in order to match the deformation of AdS^ x 5*^ in ^ in the UV hmit. Note that the 
expression in ^01 corrects a mistake from that of ^Hl- Also, the ip rotation generates U{1)r symmetry as in 
We use the simple notation eg = cos 9 and so = sin6' and so on. 
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where 

+ f/'R^ [k-' [da + ^{L2- Ls)s2aS29 dOf 

+ kr'sl de^ + '^-ghL.L^L.sl^sls rf^'] . (2.6) 
We have exphcitly taken the Hodge dual in F(5) to find 

dAi2) = ^R^yS2aS2e d^ A (^^^^^f^5r(/"V^)s^ da^de + kf-^da{f-^)sl dr A dO 

+ [^^^^S2aS2edM~') + dr A [da + ^(La - L,)s2aS2e dO]^ . (2.7) 

Note that dA(2) reduces to 12R^Casl^S0Ced'tp A da A d9 in asymptotic hmit r — > 00, which is 
consistent with how [Ij expressed the potential C(4) in the AdS^ x solution. In the above, 
we have introduced the connection one-forms 

D(pi = dipi + A]i^d'4) , Dip2 = dip2 + v4^# , 



^\ = -9Lscl{2gL2L-islslg- ALicl)h + g{L3cl- L2S 



Al = {2gL2L,slsls-4L,cl)h, (2.8) 



where 



h-'=AL,cl + gL2Lsslsls. (2.9) 
By comparing the metric ()2.2|) with ()2.5|) . the metric functions are given by 

F{r,e,a) = ^^^^, A{r,9,a) = ^, C{r,e) = -gL.d (2.10) 

where the functions /, (7, and h are given in ()2.H|1 and ()2.9|1 . 

We will now use the deformation formulae presented in the appendix of l^]- The 5'L(3, R) 
transformation can be described by the matrix 



A= 1 . (2.11) 




This transformation is parameterized by the real parameters 7 and a, where /? = 7 — cr is 
related to the aforementioned g by g = e^'^*^. In general, is a complex structure parameter 
that is related to the gauge coupling and theta parameter of the dual gauge theory. 
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The transformation of various scalar fields can be obtained by constructing 3x3 matrix 
^ where 

g-0/3 ^-1/3 




Xaxion 



We choose the dilaton and axion fields to be vanishing: 0diiaton = Xaxion = 0. Then is 
simply i and (3 reduces to 7 — i a. However, in general the dilaton and axion can be specified 
by nonvanishing constants. 

Under the S'L(3, R) transformation M = gg^ goes to M' = AMA'^ and the corresponding 
g^ transforms as jl] 

g'^= I VGF'/' 1 I , (2.13) 



where 



H = l + a'F\ G-^ = 1 + {Y + (^ )F. (2.14) 



Also, the A{2) term in the initial five-form field strength induces additional terms in the 
deformed two-forms B and C-^-* as follows |3]: 



2 c ij^jy doc^ /\ diOc ^ j 2 ^ doc^ ^\ dx 

^(2) ^ A ( ^(2) I . (2.15) 

^bf,^ dx^ A dx" ) \ \h^i, dx^ A dx'' 

By comparing ()2.12|1 with ()2.13|1 . one can read off all the deformed fields. By reading off the 
deformed fields from (A. 15) of 4j, we find that the resulting solution can be written (with 
the metric expressed in the string frame) as 

ds]iB = GVHF\^{D^i-CD^2f + VAD^2^]+VHF-^/^g^^dx^'dx\ 

B = jF^G Difii A Dip2 - (y A2) > C*^^^ = -(yF'^G Dip^ A Dip2 - 7 ^{2) , 
g2</, = H^G, x = ^(yF^H-\ (2.16) 

and ^ 

F(5) = (iC(4) + * (iC(4) , G(i) = (^f^^ - 1^ dt Adxi Adx2 Adxs , (2.17) 

where the metric functions are given by ()2.10|) . the covariant derivatives are defined in ()2.8p . 
and dA(2) is given by ()2.7p . Note that the Hodge dual in F(5) is now taken with respect to 
the deformed metric. 
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As can be seen from the above solution, the /3-deformation results in turning on the com- 
plex 3-form field strength, which is given hy d [B + iC(2)) = P d [F'^GD^pi A Dlp2 — i-A(2))- 
This supports D5 and NS5-branes. As discussed in |4j, in order for the 5-brane charges to be 
quantized, (3 should take on fractional values. Also, since the dilaton is no longer constant, 
the corresponding super Yang-Mills coupling constant runs along the fiow. 

One can check that the deformed geometry is regular, other than at the singular shell of 
D3-branes. In fact, it is easy to see that the deformations do not result in additional power- 
law type curvature singularities to the geometry, since there are no new poles in the metric. 
This is a general statement that applies to this choice of SL{3, R) deformations [3], including 
all of the examples discussed in this paper. However, since the initial solution has poles in 
the metric, one has to check that the deformations do not result in conical singularities. For 
the present solution, the metric components either blow up or vanish when either Sq, — > or 
Ca 0, S20 — ^ 0. In either case F vanishes, which means that both G and H go to unity. This 
guarantees that the deformed metric reduces to the original metric near the poles, so that the 
regularity conditions on coordinate periods are unchanged. We have also checked that all of 
the fields are single-valued at these poles. These conclusions also apply to the other examples 
to be discussed. 

3 Supersymmetric deformations of twisted field 
theories 

We will now consider deformations of field theories which live on D3-branes wrapped on H^, 
where is a (quotiented) hyperbolic 2-cycle jSOj. These theories are coupled to an SO (6) 
gauge field and are known as twisted field theories [12]. In some cases, the corresponding 
geometry in type IIB supergravity exhibits a smooth fiow from an asymptotically locally 
AdS^ X geometry to a warped product of AdS^ x and an internal space. This corresponds 
to an RG fiow "across dimensions" from a four-dimensional superconformal field theory to a 
two-dimensional superconformal field theory. The 2-cycle can be embedded within the rest 
of the internal space in a number of different ways, which corresponds to a certain choice 
of external SO (6) gauge fields on the worldvolume theory. This dictates the amount of 
supersymmetry preserved by the two-dimensional theory in the IR. We will consider a general 
form of the solution as it was presented in [201 which encompasses the cases in which the 
two-dimensional field theory preserves either (4, 4) or (2, 2) supersymmetry. 

First, we will turn to some of the details of the system in five-dimensional gauged super- 
gravity, which involves the metric, a U{1) gauge field and a scalar field which corresponds to 
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turning on an operator in the 20 of 5*0(6). Consider an ansatz of the form 

y 

4) = 4) = «f ' 4) = (i-2«)f , (3.1) 

along with a scalar field ip. The supersymmetry variation equations of the fermionic fields 
imply that /, g and ip obey a system of first-order differential equations, which are written 
explicitly in [20] • In particular, it was found that taking a = or 1/2 leads to cases in which 
the two-dimensional field theory has (4, 4) or (2, 2) supersymmetry, respectively. 

The exact solution found in [20] with (4, 4) supersymmetry actually flows to a singularity in 
the IR. Also, the equations were only partially solved for the (2, 2) supersymmetric case which 
smoothly interpolates between local AdS^ and AdS^ x H^. Smooth interpolations between 
these conformal fixed points have been found numerically 01]. Solutions which interpolate 
between local AdS^ and AdS^ x 5^ have also been found, although the dual gauge theory has 
not been discussed. For the case in which the three U{1) gauge fields are all equally-charged 
and the scalar is constant, there is a exact solution [23120]. However, since some fields acquire 
fractional spins, it is not clear if this solution actually makes any sense |201- Nevertheless, 
since deformations of the types of solutions discussed in this section have similar form to this 
exact solution, we provide details of this in section 4.4. 

The system described by flH.lj) can be lifted to type IIB theory using the dimensional 
reduction ansatz in [TZj. We can express the resulting ten-dimensional metric in form as^ 

dslo = \^dsl + F\^{Dy^i-CD^2f + y/ADy^l\ (3.2) 

L V A -I 

+ —;=e ^ 
VA 



[cl + e'-sl) da' + side' + ^ke'-slsl,[d^P + ^j)'] , (3-3) 



where the various metric functions are 

A(r,a) = e-^sl + e'^cl, k{r,e,ar' = e'^^cl + slcls^ 

A{r,9,a)-' = ksl, Fir,9,a) = ^=e-^s^, 0(9) = -c^, (3.4) 

VkA 

and the connection one-forms are 

flj dx\ 



Dipi = d^i + A'^(di: + -—^ 



A^ = C20 — c^A^ , = {2slslcl — e^'^cl)k . 



ac2e-a2ciA'^ 2a-ke^^cl ,^ ^, 

ai = ^, a2 = -2 . (3.5) 



'Note that R = g ^, where g is the cosmological parameter written in |17|. 
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The self-dual five-form field strength is given by 

^[e-'-sl + e-{l + cl)f— 
R y 

3 e^^+f 



F(5) = --[e-^'Psl + e'P{l + cl)]—^dr Adz Adt Adx Ady 
+ -R — —idr'^) S2a dz A dt A dx A dy A da 



R^ r / d (J^j^ \ 

a e^'-^{s2acl da - sis2e dO) Aydip + dipi + dip2 + t: — ) 

V R y J 

+ a e^"^ {s2as1 da + sis2e dO) A [ dil) - d^pi + — — ) (3.6) 

V R y J 

A,o , / , , , 1 — 2a dx' 
+ (2a - l)e~**'^S2a rfa A ( # - dLp2 + 



^ , A dr A dz A dt + dual . 
R y 

Computing the Hodge dual terms in F(5) explicitly gives the term that is relevant for 
computing contributions to the C-^^ and B fields in the deformed solution. This term is given 
by 

Fi5) = dA^2) ADip^ADip2 + -- - , (3.7) 

where dA{2) has the form 
dA(2) = {Pae-ti) da A d9 + Fro^ dr A d9 + Fyo^ dy A d9 + a Fya^ dy A da^ A {dip + 

+ [P-xye d9 + a F^y^ da^ Adx Ady . (3.8) 

The Ffj_i,x coefficients are presented in their full glory in appendix A. In the above expression 
for F(5) and for the rest of the paper, the ■ ■ ■ represent terms which do not include D(pi A Dip2 
in the wedge product. These terms do not contribute to the final two-form fields, as can be 
seen from the deformation formulae in ji]. 

The resulting deformed solution is given by the expression ()2.16|) along with the 5-form in 
()3.(ij) . The 5-form is the same as before the deformation except that the Hodge dual is taken 
with respect to the deformed metric. 



4 Further examples of supersymmetric deformations 

We will now consider various backgrounds in type IIB theory which are asymptotically locally 
(and in some cases globally) AdS^ x 5*^. On general grounds, one expects that these gravity 
solutions are dual to four-dimensional super Yang-Mills theories which exhibit RG flows from 
an A/" = 4 superconformal fixed point in the UV limit. The deformed theories have an A/" = 1 
superconformal fixed point in the UV limit. In all of these examples, the dual field theory 
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lives on a curved background. In sections 4.1 and 4.2, the dual field theory lives on R x S^. 
In sections 4.3 and 4.4, the field theory is on Minkowski2 x (like the twisted theories of 
section 3) and AdS^ x S^, respectively. 



4.1 Supersymmetric AdSs black hole 

As we already mentioned, the maximally-supersymmetric continuous distributions of D3- 
branes discussed in section 2 tend to be singular along the surface containing the branes. This 
means that the corresponding solution in five-dimensional gauged supergravity is actually a 
naked singularity, rather than a black hole. On the other hand, rotating black D3-branes 
do correspond to black holes in five dimensions, but these are not supersymmetric. It has 
only been quite recently that supersymmetric AdS^ black holes have been known j^Ij. It is a 
requirement that there is nonvanishing angular momentum. These solutions were coupled to 
arbitrarily many abelian vector multiplets in |22j . 

For the case in which there is a single gauge field^°, the supersymmetric AdS^ black hole 
solution is given ^] 

dr^ 



dsl 



^(1) 
where 



J^2(/?2 + 2cj2 + r2 



1 

'r 



Tdt + 



rjuj 
4Bt' 



1 - ^ 



rjr 



^2 

+ 4 



al + 4 + 



^2 



(To 



+ 



3cu^ 



(4.1) 
(4.2) 

(4.3) 



?7 = ±1 and is a constant. The ai are left-invariant SU{2) one-forms given by 

(Ti = d(f)i - s^, c<^3 d(f)2 , 0-2 = c<^3 d(j)i + s^^ s^,, d(f)2 , 0-3 = #3 + d(f: 

It has been shown that the above geometry is globally AdS^ at large distance pT] . 

This solution can be lifted to ten-dimensional type IIB theory using the ansatz in |17j . 
which yields 

dsl + + sldO"^ + slclidip + dipi + d^2 + ^(1))^ 



+ Ci{d'4j - dip2 + A(i))2 + Sisiid^/J - difi + v4(i 



\5) 



2R 



rft A dr A cTi A a2 A 0-3 + ^[rf(/if) A (# - d(p2 + A(i)) 



+ d{fil) A {dip - difii + v4(i)) + d{fil) A (# + d^pi + dip2 + ^(i))] 

A [r^(i?^ + 2u;^ + r^) (Ti A 0-2 A 0-3 + RJ^'^r (4i?^ + r]u^) {dt + ^ 0-3) A cii A 02 

+ 2Rrjuj'^ dtAdr A (T3] + dual , (4.4) 



""We absorbed a 1/R factor in the gauge field for typographical convenience. 
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where 

/il = Ca /i2 = S„ C0 , /is = . (4.5) 

It has been shown that this solution preserves two supersymmetries in type IIB theory [21] 
At large distance, this solution is dual to an A/" = 4 superconformal field theory. It is not 
known if this complete solution can arise in the near-horizon limit of an asymptotically flat 
D3-brane conflguration. However, if it does, then the D3-branes would exhibit rotation in 
both the transverse space as well as on the worldvolume. 
The metric fl4.4|) can be expressed as 



dsl, = F 



+ dsl 



+ R 



(4.6) 



where the 5-metric is given by ()4.1|) and the metric functions are given by 

2 2 2 2 

F{e,a) = R's^^cl + slslcl, A{9,a) = ^^^±^^, C{9) = -cl (4.7) 



a 



We have introduced the connection one-forms 

D^i = difi + Al (# + , D^2 = d^2 + Al {di) + , 

_-^2 I o 2 2 2 _ 2 I ^2^2 

^4, - C2e Cq , - 2 I ,2 ^2„2 ' V^-^) 

Computing the Hodge dual terms in F(5) explicitly gives the term of the form ()3.7|1 which 
is relevant for computing the deformed two-form fields, where 

dA{2) = S2es1,Ca da Ad6 A {dip + ^(i)) 

+ ^(4ci + slsle) (|^[(1 + cl)Al + C2eA\] + ^(2^^ + A^)) (4.9) 
X [8i? {dt + o-i) A dr A da + 2(4i?^ + rjuj'^) dr A a3 A da + rju'^r ui A 02 Ada. 

The resulting deformed solution is given by the expression ()2.16|1 along with the 5-form in 
()4.4j) . The 5-form is the same as before the deformation except that the Hodge dual is taken 
with respect to the deformed metric. 

4.2 Deformation of AdS^^ 

A one-parameter family of type IIB solutions that is asymptotically locally AdS^ x was 
found in |23| |21] . This is referred to as deformation of AdS^^ x 5*^ by the authors, which is 
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a different type of deformation than tlie one we are presently implementing. The metric has 
the form ()4.4|) with dsf given by 



dsl 



dt 



2R 



0-3 



/r^ \ 2 



dr'^ ^2 



at 



V 



a 



3) ) 



where 



V{r) = 1 + rVi?' 



f,2 



(1) 



RV{r 



(4.10) 



(4.11) 



and the a, and /ij are given by ()4.3p and ()4.5|) . respectively. There is also a self-dual five-form 
field given by 



^(5) 



dt A dr A ai A (T2 A (T3 



2^ 

.2n a /j„;. j_ , 4 \ , J/, .2 



[(i(/ii) A (# - d(f2 + ^(1)) 



+ d{iJ,^^) A {dip - dipi + A(i)) + c/(/i2) A {dip + difi + rfv32 + ^(1))] 

„3 



(4.12) 



A 



dt A r^V (T2 A (Ts - 2r dr A 



f^i A (73 A ( — c/r + / r V2 



+ dual . 



This solution preserves two supersymmetries of type IIB theory |24j. When the parameter / 
vanishes, the above geometry reduces to AdS^ x . For nonzero /, the geometry is locally 
asymptotically AdS^ x S"^, implying that the UV limit of the dual gauge theory is A/" = 4 
super Yang-Mills theory. 

This geometry has the exotic property that, when 4i?^/^ > 1, closed timelike curves are 
present; they are absent when 4i?^/^ < 1 [23j. These closed timelike curves appear in the 
boundary, as well as the bulk, which implies that they are present on the background of the 
dual gauge theory. It has been shown that the holographic energy-momentum tensor remains 
finite, which might be interpreted as a hint that the AdS/CFT correspondence is still valid 
in the presence of closed timelike curves. Of course, it is certainly possible that these closed 
timelike curves are simply a sign that the solution is not physical past an upper bound on / 



The 10-dimensional metric can be written in the form (|4.6p together with (j4.1Up and (|4.1ip . 
Computing the Hodge dual terms in F(5) explicitly gives the relevant term (j3.7|) with 



dA, 



(2) 



6/?"^ S2ds\ca da Add A {dip + A(y)] 

fB?r ^ 
6^2 



(4.13) 



(4< + sisio) {2dr Aai-rVcr2A a^) 



A 



3 2 
[(1 + cl)Al + C2bA\] dO + ^{2Al + Al) da 



^S2B 



The resulting deformed solution is given by the expression ()2.16|) along with the 5-form in 

(ma). 
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4.3 AdS^ magnetic string 

We will now discuss the deformations of a five- dimensional magnetic string solution which can 
be embedded in A/" = 2 gauged supergravity^^ [23 IIE] • This solution arises from the system 
studied in section 3 when the three U{1) gauge fields are all equally-charged and the scalars 
are constant. However, as previously mentioned, in this case some fields acquire fractional 
spins, which might be a sign that this solution is not well-behaved [201 ■ Nevertheless, it is a 
simple and exact solution which shares some of the properties of other solutions which arise 
from the system discussed in section 3. The five- dimensional solution is given by 

dsl = ^H^l^{-de + dx") + T^c/r^ + r2(rf02 + ginh" 0i dcg) , 
R 

F{2) = -17 sinh 01 d(f)i A d(j)2 , (4.14) 

where ^ 

^ = 1-^- (4-15) 
The geometry interpolates between AdS^, x H^, where is hyperbolic 2-plane, at short 
distance and locally AdS^ at large distance. At short distance, the supersymmetry is enhanced 
by a factor of two [26j. The charge of the U{1) gauge field is uniquely determined by a 
supersymmetry condition. 

This solution can be lifted to type JIB theory, where it preserves two supersymmetries. 
Using the dimensional reduction ansatz given in ^j, one can see that the ten-dimensional 
metric has the form ()4.4j) . where ds^ is given in ()4.14|1 and = | cosh^i d(j)2- The self-dual 
five-form is given by 



-^(5) = — — si^h (pi dt A dx Adr A d(j)i A 



<r 

+ d{iJ,l) A {dip - d(pi + y4(i)) + d{ij,l) A {dip + d(pi + d(p2 + ^(i))] + dual . 



+ " ^^^^ dtAdx Adr A A (dip - dip2 + Am) (4.16) 

or 



where we take the Hodge dual with respect to the five- dimensional metric ()4.14|) . Then the 
ten-dimensional metric can be written in the form (j4.6j) . 

Computing the Hodge dual terms in F(5) explicitly gives (j3.7|) where 

dA,2) = 6i?^ S2eslca daAdO A {dip + A^) - — (4^ + sIsIq) (4.17) 

o 



X 



— {2A\ + Al) da - — [c2eAl + (1 + c^)Aj] dO sinh0i dcpi A d(p2 . 
Cq S20 



It has been shown that this solution solves first-order equations which come from a superpotcntial 
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The resulting deformed solution is given by the expression ()2.16|) along with the 5-form in 
()4.16|) . Like the solutions discussed in section 3, this may be dual to an four- dimensional 
A/" = 1 superconformal field theory in the UV limit which flows to a two-dimensional (2, 2) 
superconformal field theory in the IR region. 

4.4 AdS^ flux-brane/anti-bubble 

The magnetic string geometry of the previous subsection and some of the five-dimensional 
geometries discussed in section 3 are locally AdS^ in the UV limit and AdS^ x in the IR 
region. In fact, the same AdS-^ x fixed point can interpolate to two different asymptotically 
locally AdS^ spacetimes. For the previously-discussed case, the local AdS^ geometry has a 
boundary Minkowski2 x H^. This is because there is an component of the metric, with 
a warping factor, throughout the flow. It is also possible to maintain an AdS^ component, 
again with a warping factor, all along the flow. In this case, the warp factor depends on a 
"radial" coordinate which lies within the rather than AdS^, and the asymptotically locally 
AdS^ has the boundary AdS^ x S^. This five-dimensional solution [21] is given by 

dsl = Hdx^ + H-'dr' + r^dsl^s.^, *5i^(2) = ^i?' e(3) , (4.18) 

where 

and 6(3) is the volume- form of the unit AdSa. This solution is related to the supersymmetric 
AdS^ naked singularity discussed in section 2 via a double Wick rotation. This solution 
smoothly flows between the asymptotically locally AdS^ region and AdS^ x at r = 
This was initially called a flux-brane because the supporting magnetic two-form field strength 
F(2) is proportional to the entire transverse space spanned by the coordinates r and x j27j . 
More recently, it has been referred to as an anti-bubble fIE\. It is interesting to note that, once 
the cosmological constant is fixed, there are no free parameters associated with the F(2) field 
strength or the AdS^ curvature. Equivalently, the AdS^ curvature fixes the five-dimensional 
cosmological constant as well as the charge associated with F(2). 

Lifting this solution to type IIB theory with the ansatz given in |T7j yields a ten-dimensional 
metric of the form ()4.4j) with ds^ given by ()4.18p and ^4(1) = ^ dx. The self-dual five-form is 
given by 



4/'3 4 

^(5) = — 6(3) A A rfr - — i?^ 6(3) A 



difil) A (^d^ - dip2 + A(i)) (4.20) 
+ d{fil) A (dip - d^i + v4(i) j + d{fil) A (dip + d(pi + d(p2 + ^( 



dual - 
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where the /ij are given by ()4.5|) . Then the 10-dimensional metric can be written in the form 
()4.6p with Difi and given by ()4.8|) . This solution might be related to some of those recently 
discussed in [2S]. 

The gravity background asymptotically has 50(2,4) x SO{Q) symmetry, where 5*0(2,4) 
describes the four-dimensional conformal symmetry of the UV fixed point with 50(6) R- 
symmetry. Away from the UV limit, the symmetry of the gravity background is broken to 
50(2,2) X f/(l)^. On the gauge theory side, this corresponds to the four-dimensional con- 
formal symmetry breaking to 50(2,2), which is the SL{2,R) x SL(2,R) part of the three- 
dimensional conformal symmetry group. Also, a U{1)^ of the R-symmetry group remains 
unbroken. There is an additional U{1) corresponding to a circular direction in the back- 
ground on which the field theory lives. As the IR region is approached, the four- dimensional 
description breaks down and is replaced by a three-dimensional description. Therefore, this 
gravity solution probably corresponds to a vacuum of A/" = 4 Yang-Mills theory on AdS^ x 5^, 
for which a Kaluza-Klein mode on 5^ is excited^^. This KK mode corresponds to the gauge 
field in (I4.18|) from the point of view of five- dimensional gauged supergravity. From the ten- 
dimensional type IIB point of view, this corresponds to gravitational fluctuations associated 
with the U{1)^ directions of the five-sphere. The scale of the KK mode is given by the pa- 
rameter R. Also, this classical gravity description is valid so long as R is large compared to 
the string length. 

The term in F(5) which is relevant for the deformation is ()3.7|) where 



The resulting deformed solution is given by the expression ()2.16|1 along with the 5-form in 
()4.20|) . The deformed dual field theory is a four- dimensional A/" = 1 superconformal field 
theory on AdS^ x 5^ in the UV limit and flows to a two-dimensional (2, 2) superconformal 
field theory in the IR region. 

5 Nonsupersymmetric deformations 

We now turn to a couple of examples of deformations which do not preserve any supersym- 
metry. Both of the initial solutions are generalizations of the A/" = 4 Coulomb branch flow 
discussed in section 2. In section 5.1, we discuss an A/" = 1 supersymmetric generalization 
^^We appreciate Juan Maldacena's input on this matter. 




32esj^c„ da Ad6 A {d^) + A(i)) (4.21) 

\2s^ s 1 

{Acl + sisle) —[c2eA\ + (1 + c^)Aj] dO - —{2A\ + Aj,) da A dx A dr . 



81r3 




16 



given in I31j. Although the initial solution is supersymmetric, the resulting solution is 
nonsupersymmetric since the deformation involves the direction associated with the U{1) 
R-symmetry. In section 5.2, we consider a case in which the initial solution itself is non- 
supersymmetric. In particular, we consider the near-horizon limit of a nonextremal rotating 
D3-brane, which corresponds to the gauge theory being at finite temperature [T5] . 

5.1 J\f = 1 Pilch- Warner flow 

There is a three-parameter family of type IIB supergravity solutions which correspond to 
A/" = 1 supersymmetric holographic RG flows |^. Two of the parameters represent 
independent scalar masses or vevs and the third represents a single fermion mass. The ten- 
dimensional metric of the full solution is given by pUl |M] 

dshB = ^'{e'^^^^dxl + dr^) + ^^dsl (5.1) 

where the warp factor is 

1/4 

(5.2) 

and the metric of the five- dimensional internal space is given by 
dsl = yye + p'sl{i^-'cl + .'sl)]de^ + p\l[u^ + u-^sl]d<^' 

- 2p^[z/^ - u~^]s0C0S^c^ dOdcf) + cl[i'~'^ c^^di^l + z/^s^rfv^g] + -^s'l{dipi + d(p2 + dip^if 

+ ^sinh^Xcosh^x [ce(4'^V52 - cjrfv^i) + Se(civ?i + c^V52 + c^V^a)]^ ■ (5.3) 

From the five-dimensional gauged supergravity perspective, the three scalar fields x(r),i/(r) 
and p(r) satisfy first-order equations which arise from a superpotential. The fermion mass 
vanishes asymptotically when x = 0, where the solution reduces to that of the near- horizon 
region of an ellipsoidal distribution of extremal D3-branes ()2.2j) . This limit, which we have 
already discussed in section 2, is associated with the Coulomb branch flows of the A/" = 4 
super Yang-Mills theory. When = 1, this system reduces to the Pilch- Warner flows [^I33j . 
which correspond to the Leigh-Strassler renormalization flow studied in We will focus on 



a/ cosh 



X 



2 2 I 2 \ 2 I 4 2 

^ -^S^ ]Cg+ p 
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this limit, in which case the solution can be written as^^ 

'1/2, 



IIB 



+ 



+ 



P 

coshx 
cosh X 



cosh X 



2X2 — + p^Cg sinh x tanh x {d(5 + Cq, (ir^) 



d^x A (tfr + We d9) + * [d^a; A (wr dr + d6)\ , 
e"*"^ i 01^6* — a2{dp + Ca dr]) — a^^dcj) — djS) A {da + i Sa dr]) . (5.4) 



^(5) 

rNS I • ^RR 

-^(2) + ^ '-"(2) 

The functions Xi, X2, ifr, "U^e and a, depend on r and 6 and are given by ()B.1|1 . ()B.2jl and 
()B.3j) . They are written in terms of the scalar fields x('") and p(r), which satisfy the supersym- 
metric flow equations of five-dimensional gauged supergravity. These flow equations also 
involve the metric function A(r), although no explicit closed analytic solutions are known. 
The dilaton-axion scalar field remains constant along this flow. The complex two-form field 
corresponds to non-zero fermion masses in the super Yang-Mills theory. The geometry has 
SU{2) X U{l)i3 isometry, which contains a f/(l).^ x f/(l)/3 subgroup. The U{\)r^ x ?7(l)/3 corre- 
spond to the r] and (3 directions along which we will be applying the SL{2, K) transformations. 

At large distance, the solution has the maximally supersymmetric geometry AdS^ x 5*^, 
which is dual to A/" = 4 superconformal Yang-Mills theory. At short distance, the geometry 
is a warped product of AdS^ and the internal space, which corresponds to the IR A/" = 1 
superconformal fixed point of the Leigh-Strassler flow jS]. 

We will now express this solution in the form given by equation (A. 7) in [1], in order to 
apply their deformation procedure: 



d^^ 



^(2) 

^RR 
<-(2) 



1 



{Dp - CDr])' + VADt] 



FV3 



Xi cosh x\ ^/•^ 



(C1C4 



,1/6 



e'^^'^dxl + dr' + 



cosh X ^ P' 



(^de' + ^da'^ + cei 



(5.5) 



BuDf3 ADr] + {Bi^D(3 + B2^Dr]) A dx^" - ^A'^B.^^x^' A dx" + ^6^^ dx^" A dx" , 
CuDp ADr] + {Ci^Dp + C2^,Dr]) A dx^" - ^A^^C^^x^ A dx" + ^c^^ dx^" A dx" . 



^•^This form of the solution can be obtained by taking — > — /3 in the solution of (33] in order to 
absorb the /3 dependence on two-form potential. The C/(l)/3 symmetry under which <i>i,$2 and $3 have 
charges (1/2,1/2,0) exists if we allow the mass m of the chiral superfield <i>3 to rotate by a phase |31| : 
$1 ei'^$i,$2 — > e^''$2,^3 ~^ e'^m. However, since the original cj) rotation generates U{l)fi 

symmetry, after this shift, still (3 rotation is related to this U{l)fi symmetry. In other words, contrary to the 
previous case, one of the C/(l)'s we take should contain U{l)ii implying that the supersymmetry is broken 
completely. 
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The index m stands for 1 and 2 that are the coordinates (3 and rj for two torus and the indices 
/i, u stand for the remaining 8-dimensional coordinates and 



Df3 = d(3 + Ald(f) , Dr] = dr] + A^^dcj) , 

A\ = (C3-C2C5), Al = C5. (5.6) 
Also, the metric functions are given by 

F{r,9)= ^^fl^'p\ A(r,^) = ^, C(r, ^) = -c^ . (5.7) 
(7^ cosh X ci 

The coefficient functions in and are given by ()B.4|) . and the functions Cj are given 
in ()B.5|) . The resulting nonsupersymmetric type IIB deformed metric in the string frame is 
given by 



P 



e'^^^Uxl + dr' + ( -,d9' + $da' + c, , 

^ g^cosh^X^P 



DP' = D(3 + {^B2^-aC2^)dx'', Dr]' = Dr] + [aCi^ - -iB^^) dx\ (5.8) 

and the dilaton-axion scalar fields are 

e^'t' = H^G, x = [7^ {F^ + + CI2) +aB,2~7 Ci2]H~' , (5.9) 

One can also straightforwardly compute the deformed form-fields by inputting the above 
initial solution into the deformation formulae in ji] but the results are too long to present. 
At the UV fixed point, this deformed solution reduces to a particular nonsupersymmetric 
marginal deformation of AdS^ x which was found in 



5.2 Nonextremal rotating D3-brane 

We now consider the nonextremal rotating D3-brane solution of type IIB theory. This solution 
is nonsupersymmetric and is conjectured to correspond to the Coulomb branch of a field theory 
at finite temperature. For the particular case in which all three angular momenta are equal. 



^"'For nonzero B12 and C12, the SL{3, R) transformation yields H = {B12 + F'^) + (1 ^ o'Ci2)^ . 
= f72_p2 + BI2) - 27Si2(aCi2 - 1) + (1 -<7Ci2?. See also H [111101. 
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the gravity solution is given by 



""'10 



dt'^ + dxl + cosh 5dt- 



R^L dr^ 

+ 



+ R^ [da^ + si de^ + cl {dip - d^2f + sis] {dip - d^if + s^c^ (# + d^i + ^(^2)^ , 
C(4) = (l--^)sinh"^5rf^xA(cosh5rft-£5(i)), (5.10) 



where 



and 



^(1) = SaC2e d(pi + {s^Cg - cj d(p2 + dip , (5.11) 



/)2 



L = l + -. (5.12) 

We have defined i?^ = 2m sinh^ 5. The quantities R, i and m parameterize the D3-brane 
charge, angular momenta and energy above extremality, respectively. The extremal limit 
m = corresponds to a static distribution of D3-branes, as was discussed in section 2. In 
particular, here the D3-branes would be uniformly distributed on the surface of a 5-sphere. 

For £^ < ^TTL, there is an event horizon around the singularity. This has been interpreted 
as the high-density and high-temperature deconfined phase of the dual field theory. For 
> ^m, the Hawking temperature vanishes and there is no longer an event horizon hiding 
the singularity. There are indications that this marks the transition from the deconfined 
high-density phase of the dual field theory to the Coulomb phase at finite density 

The metric can be written in the form given by ()2.5|) with 

F'^/^Qfj^i^dx^dx" = cg dt^ + c:j^{dip + cs dt^ + — - dxj 

R 



where 



C 



^/ClC4 C4 

-Cl RhlU + — i_^c2,(4c^ - cl)) , (5.14) 
V smn / 



and 



Dcpi = d(pi + {c2 + C C5) dip + {cs + C cq) dt , 

Dip2 = dip2 + dip + cq dt . (5.15) 
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The Cj functions are given by ()B.6|) . The deformed solution can be expressed as fl2.16p together 
with the F(5) given in ()5.10|) . One can straightforwardly dualize -F(5) to obtain the explicit 
expression for dA(^2) which is too long to present. 

6 Further directions 

We have considered supersymmetric deformations of various type IIB supergravity back- 
grounds which exhibit flows away from an asymptotically locally AdS^ x fixed point. This 
includes the near-horizon limit of a static ellipsoidal distribution of D3-branes which, after the 
deformations, corresponds to a region along the Coulomb branch of A/" = 1 super Yang Mills 
theory. The marginal deformation of AdS^ x considered in ^ lies in the UV limit of the 
deformation of this solution, and the deformed superpotential does not change as one moves 
onto the Coulomb branch. However, there still remains a short-distance naked singularity 
on the surface of D3-branes in the gravity solution. This singularity can be hidden by an 
event horizon if the D3-branes rotate in the transverse space. This breaks supersymmetry 
and corresponds to giving the dual field theory at finite temperature. In order for the solution 
still be supersymmetric, the D3-branes must also have a specific amount of rotation within 
their worldvolume as well [21]. We also discuss the deformations of these solutions. 

Another example of type IIB flows away from AdS^ x is provided by D3-branes wrapped 
on a (quotiented) hyperbohc 2-cycle [20] ■ This describes a twisted field theory (TH] which, 
upon deformation, exhibits a flow "across dimensions" from an A/" = 1 four- dimensional 
superconformal field theory to a (2, 2) two-dimensional superconformal field theory. The 
four-dimensional field theory lives on a Minkowski2 x background. We also consider the 
deformation of a gravity dual which corresponds to a four-dimensional field theory which lives 
on AdS^ X j2ZI; although the dual field theory has not yet been identified. Note that, after 
the deformations, all of these solutions still exhibit conformal fixed-points at both ends of the 
flow. 

For all of our examples, we could have also considered dipole deformations by involving 
a worldvolume direction in the SL{3,R) transformation |13j. In particular, for the cases in 
which the four- dimensional field theory lives on Minkowski2 x or AdSs x S^, this could 
involve one direction of if ^ or the 5*^ direction, respectively. Then this is a dipole deformation 
of the four-dimensional UV field theory and a marginal deformation of the two-dimensional 
IR field theory. RG flows which connect these different types of deformations are rather novel. 

There are a number of other type IIB solutions which are asymptotically AdS^ x 5*^ and 
can be deformed by the technique of ^ . Such possibilities include a subclass of the bubbling 
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AdS solutions found in and AdS^ black holes with fermionic hair One can also 

apply similar deformations to the AdS^ x x x background. Possible holographic 
duals of this gravity background have been discussed in [20] . The initial two-dimensional field 
theory has large A/" = 4 superconformal symmetry, due to the SU{2) x SU{2) R-symmetry. 
Depending on which directions of the gravity dual are used for the deformation, the deformed 
field theory might have A/" = (2,2), (0,4) or small (4,4) supersymmetry. 

We have also presented two types of nonsupersymmetric generalizations of the deforma- 
tions of Coulomb branch flows. There is an TV = 1 supersymmetric flow |^ which 
encompasses the A/" = 4 Coulomb branch flow JH] and the A/" = 1 Pilch- Warner flow j33j . 
The deformation is nonsupersymmetric, since it involves the direction associated with the 
f/(l) R-symmetry. This is clearly not the gravity dual of an A/" = 4 super Yang-Mills theory 
which has undergone both marginal and relevant deformations jH], since the resulting solu- 
tion would need to be supersymmetric. In fact, it would be interesting to find the gravity 
dual for this, which may require a deformation technique that does not involve T-duality. 
Anyway, one can also apply this deformation procedure to the M = 2 supersymmetric RG 
flow solution found in |^ l52j. although the result will also be nonsupersymmetric. There are 
also eleven-dimensional flows which can be deformed analogously, such as the ones described 

in ISSIE11ES|. 

For these deformed solutions which do not preserve any supersymmetry, it is important 
to study their stability. Masses should vary smoothly with the deformation parameters. 
Therefore, it seems reasonable to expect the lightest modes to become tachyonic first. Also, 
for small deformations, tachyons should be absent from the spectrum. 

There is also a nonsupersymmetric generalization of the Coulomb branch flow which cor- 
responds to the gauge theory being at flnite temperature JH]- The initial solution is already 
nonsupersymmetric, which means there are actually three directions which can be paired up 
for the deformations with a chain of dualities and shifts. This yields a solution with six de- 
formation parameters which reduces to the solution discussed in jSHESHMl in the UV limit. 
There, it was found that a three-parameter case of the latter solution has an associated string 
sigma model which is integrable. We do not know if this property of integrability survives 
away from the UV limit. The initial solution suffers from an instability for large angular 
momenta. Above this threshold, the D3-branes may split apart into fragments which move 
radially outwards and carry away some of the spin. This could correspond to a spurious gauge 
field vev producing a negative mass scalar term which destabilizes the moduli space of the 
dual gauge theory. It would be interesting to see if these deformations simply change the 
threshold angular momenta for stability, or if the entire solution is rendered unstable. 
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Appendix A Components of dA(^2) i^i section 3 

The terms in F(5) which yield contributions to the two-forms of the deformed solution can be 
written in terms of dA(2), whose components are given by 

17 ^ r>3 32'^ ^2, 3<^'2\-l/2/ 

_ K g^ Z/j^ + Zl^ .3y 2N1/2 

32/2 c„ kA ' 

Fxye = ^^^(4 + e3-.^)"^/2[a(l-c,,A;-c^4)e2- + (2a-l)(l-4)e-^1, 
•iy fcA 

Fye^ = —A-''/^e-^%cl + e^''sl)-'/^slcls2e [{2a + (a - 3ai)Al,C2e + {a - 3a2)Alcl)a e^^ 

+ (2(1 - 3a) + (3a2 - a)Aj)(2a - 1)6"^^] , 
Fya^ = -^^4c„4A-3/2(^2^^3^^2^i/2^2^[2(3ai-a)A; + (3a2-a)4]. (Al) 

Appendix B Details of the solutions in section 5 
Appendix B.l Details of the Pilch- Warner flow 

The various functions in the Pilch- Warner flow of type IIB supergravity can be expressed in 
terms of the scalar fields x('") and p(r) as 



X2{r,6) = Cgsechx +p''sg coshx, (B.l) 
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the coefficient functions for tlie five-form field strengtli are 

=4A(r) 



we{r,0) 



■ cosli^ X [c^(cosli(2x) - 3) + (2p^s^ sinli^ X + C2e - 3)] , 
-S2e[2cosli2x + p^(cosfi(2x) - 3)], 



(B.2) 



and tlie complex two-form potential involves the coefficient functions 



ai{r,9) = — cgtanhx, 02(^,6') 



9^ 



P 

S0 tanhx, 



a3{r,e) 



■Cg So tanhx ■ 



(B.3) 



The complex two-form potential can be written in terms of RR and NS-NS two-form potentials 
and B^2)y whose components are given by 

(-612,(^12) = {as- 0,2)8 a{s<j„c^) , (-BiajCia) = (03 - a2)(c^, -s^) , 

{Bi^, Ci^) = (a2 - a3)c5Sa{s^, C^) , {B2^, C24,) = [as + (03 - a2)(c3 - C2C5)]Sa{s^, c^) , 

{B2a,C2a) = a2(-C0, s<^) , (52^, ^29) = aiS„(c<^, -s^) , (B.4) 

(hoc, C^a) = -{ba<p, Ca<f>) = - [-2a3 + (cg - 02) (cg - C2C5) - aaCg cj (c^, S^) , 

{bea: C0a) — —{bad: Cad) — Ql (s,/,, C^) , (&6><^, Cg,^) = C<^e) = OlCs Sa(c<^, — S^) , 

where all unspecified components are zero. Notice that C^{(j)) = B^r^[(j) + 7r/2). The q 
functions are given by 

cosh X 



C2{r,e 
C3ir,0 
C4(r, 9 

f(r,e 



^^^^(X,^ + /.^inhx tanhx) 

2f si coshx 

c|s| c^c^ coshx 
^1 

'2^' 



-^^1^2 



-'^i + ^«2e sinh^ X tanh^ x ) -Cicl, 



slo Cg sinh^ x _ C1C2C3 

2X2C4 

.s^ cosli X 



C4 

C1C3 - C4C5 



= p^c^ sinh X tanh x — 2X2 . 



(B.5) 



24 



Appendix B.2 Metric functions for nonextremal rotating D3-brane 

The deformed near-horizon metric for a nonextremal rotating D3-brane can be expressed in 
terms of the functions 



C2 = CiR'^slc2e [I + - 
V SI 



V smh 

L 



sinh^ S 



Ci cosh 6 



_ 2 
C3 . , 2 r 2 "^"'^261 

smh 



c7^ 



C5 



ClR'slU + Slslcl + —j—islcl - Cl)[slcl{l - 2C2,) - cl 

V smh 



sinh 6r'^ 

^4 + • U2. 2 ) - + C S^C2e) 

V smh / 



sinh 5r^ 

—i-" / 2 2 2 I 2 



C4 -R^ cosh 5 
sinh^ S 



C7' = R'(l + —^)i2-3slcl-Cslc2g) 
V smh / 

/i?^ cosh (5 _i _i \ 

•^8 = ~ .,2^9 + ^4 C5C6 + Cl C2C3 C7 , 



Vsinh^ 
^2 

^ 7 — • 1 2 r 9 ~ '^l ^3" C4 Cg - C7 Cg . (B.6) 

L smh 
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